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Introduction
In M of graph G a perfect of G V(M) = A set of edges a graph is an dominating set every edge
E( G)-
an edge of M. A set M E E(G) is an independent edge dominating set of G if M is both an independent and edge dominating set. The number of edges in any minimum edge dominating set is called the domination number of G and is denoted by ye(G). The independent edge domination number of G, denoted by i, (G) , is the number of edges in any minimum independent edge dominating set of G. Certainly, y,(G)< i, (G) for any graph G. Denote by JZ the set of graphs that have unique minimum independent edge dominating sets. Similarly, JZ' denotes the set of graphs that have unique minimum edge dominating sets.
The study of the graphs that have unique maximum independent set of vertices was initiated by Hopkins and Staton [6] . They characterized, among other things, trees having unique maximum independent sets of vertices. A number of other results have been obtained by Michalak [7] and Siemes et al. [8] . Motivated by the results of Hopkins and Staton we investigate the structure of graphs that have unique minimum edge dominating sets. First we show that the sets &' and Jd;e' are the same, Next we prove that if a connected graph G with ye(G) 3 2 belongs to the family A, then it arises from four types of smaller graphs of the family 4. We then show how to construct all trees of diameter at least five which belong to & from trees of diameter three. A simple characterization of caterpillars which belong to &' is given. Next we observe that it is impossible to characterize graphs of J# in terms of forbidden induced subgraphs. We show that if G is a connected graph different from K,, then the total graph T(G) has a unique maximum independent set of vertices if and only if G belongs to 4. Finally, we characterize graphs whose line graphs have unique maximum independent sets of vertices.
Structural properties of graphs
In this section we consider some structural properties of graphs which belong to the sets JZ and A'. First we prove that the sets &Z and A' are the same. [l, 3,9] , and it has been pointed out in [S] and proved in [lo] .) The following theorem shows that if a connected graph has a unique minimum edge dominating set of cardinality at least two, then it arises from edge disjoint graphs given in Theorem 2.5. For an edge ,f of a graph G, let S, be the subgraph of G generated by the edge f and all the edges adjacent to f in G and let H, be the subgraph of G generated by E(G) -E( S,). 
Corollary 2.2. For any graph G, ye(G) = i,( G).

~~E(E(H~)-E(H~))~M, y,(H,)>y,(H,).
Take A practical procedure for building graphs of the family &Z from smaller ones is presented in the next theorem. We need the following definitions. If ui is a vertex of a graph Gi, i= 1,2, let Gi( v1 =u2)G2 denote the graph obtained from Gi and G, by identifying u1 with u2. An end vertex x of a graph G is called a single end vertex of G if no other end vertex of G is at distance two from x.
Theorem 2.7. Suppose that H is a connected graph of order at least ,four and M is the unique minimum edge dominating set of H. Lf S is a tree of diameter three, x is an end vertex of S which is not a single end vertex of S, and y is any vertex of H, then the graph H(y=x)S belongs to the family A!. Similarly, if x is a single end vertex of S and yeI'( V(M), then H(~=x)SEA'.
Proof. Assume that e=vu is the unique nonend edge of S and the end vertex x is adjacent to v in S. It is clear that the set Mr = M u {e} is edge dominating in the graph G = H( y = x)S. We claim that M 1 is the unique minimum edge dominating set of G. The construction of Theorem 2.7 is illustrated in Fig. 2 . The next theorem shows that every tree of diameter at least five which belongs to the family & arises via a construction described in Theorem 2.7 from two smaller trees which belong to A. First we prove two useful propositions.
G=lf(y=z)S: Proof. The result is trivial 1 < 1 (see the Suppose on the contrary that GE& and let M be the unique minimum edge dominating set of G. It is clear that ) MI 22 and, by Corollary 2.9, no end edge of G belongs to M. Since every two nonend edges of G are adjacent, M is not independent and therefore G@_A (by Theorem 2.1). This contradicts our supposition and completes the proof. 0
Theorem 2.11. Let G be a tree of diameter at least jive. Zf GE&, then there exist a tree TEA of diameter at least three, a tree S of diameter three, an end vertex x of S, and a vertex y of T such that G is isomorphic to the graph T(y=x)S. Moreover, tf x is a single end vertex of S, then YE V(T)-V(M), where M is the unique minimum edge dominating set of T.
Proof. Let Mo be the unique minimum edge dominating set of G and let P= (vo,v1, . ..) and T=G-( V(S)-{v,}) are trees for which G = T(y = x)S, where x = y = v3. It follows from Corollary 2.9 that v1v2~Mo. Moreover, analysis similar to that in the proof of Theorem 2.6 shows that M = Mo -{ v1 v2} is the unique minimum edge dominating set of T, so TEA. Certainly, the vertex x=v3 is an end vertex of S and S is a tree of diameter three. This combined with Proposition 2.10 and with the assumption that G is a tree of diameter at least five forces that T is a tree of diameter at least three. Thus, it remains to show that y = v3 E V(T) -V(M) if x = v3 is a single end vertex of S. To prove this, suppose, on the contrary, that x =v3 is a single end vertex of S and y=v3e V(M). Then the unique edge of M which is incident to us dominates the edge v2v3 and therefore (Mo -{ v1 v2})u { vovl } and Mo are different minimum edge dominating sets of G, a contradiction.
This contradiction proves the desired property and finishes the proof. 0
Caterpillars
In this section, the caterpillars with unique minimum edge dominating sets are characterized. First, however, we need additional definitions. Let 9 denote the set of all finite sequences (d,, . . . . d,) of integers, where di 22 for i= 1, . .., n if n 22, while dI 30 if n= 1. We define the relation -on 2 by stipulating (d,, . 
.,n).
It is easy to verify that -is an equivalence relation on _Y. A caterpillar is a tree T which contains a path P such that every vertex of T is either on the path P or is adjacent to some vertex of P. If we choose the path P = ( vl, . . . , v,) (1) n=l and dr<l;
(2) n=2; 
Corona of graphs
In what follows, G 0 H denotes the corona of two graphs G and H, i.e. G 0 H is the graph obtained by taking one copy of G and 1 V(G) 1 copies of H, and then joining the ith vertex of G to every vertex in the ith copy of H. In this section, we prove that G 0 K1 belongs to the family & if and only if G has a unique perfect matching. From this we conclude that every graph is an induced subgraph of some graph which belongs to JZ. This implies that it is impossible to characterize graphs of the family M in terms of forbidden subgraphs. Proof. It suffices to prove that a subset A4 of E( G 0 K,) is the unique minimum edge dominating set in G 0 K1 if and only if M is the unique perfect matching of G.
We first assume that M is the unique perfect matching of G.
and it is clear that M is an independent edge dominating set in G 0 K 1. We claim that M is the unique minimum edge dominating set in G 0 K 1. To prove this, let M' be an independent edge dominating set of G 0 K 1. It suffices to prove that either M ' = M or 1 M'I > I M I. We distinguish two cases. Case 1: M' & E(G). Then M' is a matching in G. This and the domination of M' in G imply that M' is a perfect matching of G. Consequently,
M'=M
since M is the unique perfect matching of G.
Case 2: M' Y& E(G). Then M' is the union of the sets MI and MZ, where
M,=M'n(E(GoK,)-E(G))#@
and M,=M'nE(G) is a perfect matching of the subgraph
G-(V(G)nV(MI)).
Hence, IM,I=(IV(G)I-(M,l)/2
and consequently IM'~=IMII+~M~I=IMII+(I VW-lM~lG'>l V(G)lP=IMI. Proof. Since the end edges of the graph Go K1 form the unique perfect matching of G 0 K, , the result follows from Theorem 4.1. 0
Remarks.
(1) Slight changes in the proof of Theorem 4.1 show that a similar result can be obtained when K1 is replaced by any totally disconnected graph K,, (n 3 2). Moreover, it is easy to observe that the following generalization of Theorem 4.1 holds: If G is a graph and GO is its maximal subgraph without isolated vertices, then G 0 K, E& if and only if GO has a unique perfect matching.
(2) Since every graph G is an induced subgraph of the graph
Corollary 4.2 suggests that it is impossible to characterize graphs of the family JZ in terms of forbidden induced subgraphs. In addition, Corollary 4.2 presents a simple procedure for building graphs of the family JH from smaller graphs.
Total graphs
For a graph G, the total graph T(G) of G is the graph with vertex set V( G)u E( G) in which two vertices u and o are adjacent if and only if either u and o are adjacent vertices of G or u and v are adjacent edges of G or u and v are an incident vertex and an edge of G. In this section, we prove that the total graph T(G) has a unique maximum independent set of vertices if and only if G has a unique minimum independent edge dominating set. The proof is based on the following result due to Yannakakis and Gavril [lo] . 
M u( V(G) -V(M)) is a maximum independent set of vertices in T(G).
Theorem 5.2. Let G be a connected graph diDrent from K,. Then the total graph T(G) has a unique maximum independent set of vertices if and only iJ G has a unique minimum edge dominating set.
Proof. Assume that T(G) has a unique maximum independent set of vertices and suppose to the contrary that G does not belong to J. Then, by Corollary 2.4 G has different minimum independent edge dominating sets, say Mr and M,. 
) is the unique maximum independent set of vertices in T(G). This completes the proof. 0
Line graphs
The line graph of a graph G, denoted by L(G), is the graph which has for its vertices the edges of G, and two vertices of L(G) are adjacent if they have a vertex of G in common. In this section, we present some characterizations of graphs whose line graphs have unique maximum independent sets of vertices. Proof. Since a set I is a maxima1 independent set of vertices in L(G) if and only if I is a maxima1 matching in G,,, it suffices to observe that Go has a unique maximum matching if and only if Go has a unique perfect matching. Certainly, if M is the unique perfect matching of G,,, then it is the unique maximum matching of G,. On the other hand, assume that M is the unique maximum matching of Go. It suffices to show that Proof. Since the end edges of G 0 K I form its unique perfect matching, the result follows immediately from Theorem 6.1. 0
Whereas the criterion of Theorem 6.1 is not necessarily easy to apply to a general graph, the next corollary specifies when the line graph of a tree has a unique maximum independent set of vertices. 
